1. Introduction. It is well-known that complete minimal submanifolds of a unit sphere S n+p (1) with S = n/(2 − 1/p) are the Clifford torus and the Veronese surface, where S is the squared norm of the second fundamental form (cf. Chern, do Carmo and Kobayashi [4] and Cheng [1] ). The related problem of complete maximal space-like submanifolds in an anti-de Sitter space was studied by Ishihara [5] . He proved that if M is an n-dimensional complete maximal space-like submanifold in an anti-de Sitter space H n+p p (c) of constant curvature −c (c > 0) and with index p, then S ≤ npc, and S = npc if and only if M = H n 1 (n 1 c/n) × . . . × H n p (n p c/n), where H n i (c i ) is an n i -dimensional hyperbolic space of constant curvature −c i .
On the other hand, we know that the hyperbolic Veronese surface H 2 (c/3) is a maximal space-like submanifold in H 4 2 (c) defined by
where (x, y, z) and (u 1 , u 2 , u 3 , u 4 , u 5 ) are the natural coordinate systems in R respectively. In this paper, we consider the space-like surfaces in an anti-de Sitter space. In Section 2, we prepare some formulas and notations which are used in the paper. In Section 3, we give a sharper estimate of S on complete maximal space-like surfaces than the one due to Ishihara [5] and give a characterization of the hyperbolic Veronese surface and of H 1 (c/2) × H 1 (c/2). The complete space-like surfaces with parallel mean curvature vector in an anti-de Sitter space are studied in Section 4. In the final section, we present a complete maximal space-like surface in H 6 2 (c). (c) such that e 1 , . . . , e n are tangent to M . Let ω 1 , . . . , ω n be a field of dual frames on M . The second fundamental form of M is given by
Formulas and notations.
where h a ij = h a ji for any a = n + 1, . . . , n + p. The mean curvature vector h and the mean curvature H of M are defined by
ii e a n and (2.3)
If H = 0, we call M maximal . The Gaussian equations of M are R e m a r k 1. The estimate S ≤ 2c in Theorem 1 is sharper than S ≤ 2pc which has been obtained by Ishihara [5] . Our result does not depend on p.
Thus we can get the Codazzi equation
P r o o f o f T h e o r e m 1. From the Gaussian equations (2.4) and (2.5), we can get, making use of the same computations as in Ishihara [5] ,
where
We consider the linear map
where T ⊥ M and T M are the normal bundle and the tangent bundle to M respectively, and e 1 and e 2 are tangent to M . For any x in M , since e 1 ⊗ e 2 , e 1 ⊗ e 1 and e 2 ⊗ e 2 are a basis of 
On the other hand, we choose e 1 and e 2 such that h 3 ij = λ i δ ij . Hence we can take e 1 , . . . , e 2+p such that (3.4)
From (3.4), we have
Now (3.1), (3.5) and (3.6) yield
From the result due to Ishihara [5] , we know that S ≤ 2pc. According to the Gaussian equation (2.4), we see that the Ricci curvature is bounded from below. Hence from (3.7) and the generalized maximum principle given below, due to Omori and Yau, we obtain 0 ≥ sup S(sup S − 2c) .
Hence S ≤ 2c.
Generalized maximum principle (cf. Omori [6] and Yau [7] ). Let M be a complete Riemannian manifold whose Ricci curvature is bounded from where K is the Gaussian curvature. Theorem 1 implies K ≤ 0.
In particular, when p = 1, we have Theorem 2. Let M be a complete maximal space-like surface in an antide Sitter space H 
We choose e 1 and e 2 such that h ij = λ i δ ij . Because M is maximal, we get h ii = 0. Hence (h iik ) = 0 for any k. Now,
Moreover,
From (3.9) and (3.10), we have
Thus inf S = 0 or inf S ≥ 2c from the generalized maximum principle. According to (3.8), we get inf K = −c or inf K ≥ 0. From the assumption and Theorem 1, we obtain S = 2c and M = H 1 (c/2) × H 1 (c/2). Theorem 4. Let M be an n-dimensional complete maximal space-like hypersurface in an anti-de Sitter space H n+1 1 (c) with parallel second fundamental form. Then M is H n (c) or
P r o o f. Since M is a hypersurface, from (3.1) we have
By the same proof as for Theorem 3, we get S = 0 or S = nc. From the result due to Ishihara [5] , we know that Theorem 4 is true.
Corollary 2. Let M be a complete isoparametric maximal space-like hypersurface in an anti-de Sitter space
Since M is isoparametric, we know that the second fundamental form of M is parallel. From Theorem 4, we conclude that Corollary 2 is true. 
It can be seen that |µ| 2 and |τ | 2 are independent of the choice of the frame fields and are functions globally defined on M . Making use of the similar proof as in Cheng [2] , we get
For a fixed index a, We choose e 1 and e 2 such that h 3 ij = λ i δ ij . We know (4.5)
Hence from (4.4) and (4.6), we obtain 
